The objective of this study is to develop the numerical model of InGaAs QD solar cell to describe the device characteristics. The developed model is based on Homotopy analysis which provides self-consistent and nonlinear solutions to 3D Poisson and Schrodinger equations. The exact potential and energy profile of the quantum dot accounts for the estimation of current under dark condition. The model is used in photocurrent determination of quantum dot solar cell under 1 Sun, 1.5 AM condition over a range of various solar cell parameters such as optical generation life time, quantum dot concentration and number of quantum dot layer. The quantum wavelength and quantum dot layers are used to calculate the photocurrent, recombination rate and conversion efficiency. The photocurrent has achieved its superiority with optimum quantum dot layers and wavelength. The results obtained show that the photocurrent is strongly sensitive to the above dependences and a good agreement with the experimental results was evidenced.
INTRODUCTION
Photovoltaics have reached a tremendous growth during last two decades and power generation using photovoltaics plays a dominant role in addressing the future electricity needs of about 30 TW, in spite of the robust growth of nuclear and wind energy. The photovoltaic conversion of the fraction of 1.2×10 25 TW of energy from sun's solar radiation contributes to the present and future energy needs. This enormously increases the interest of understanding quantum nano structures in solar cells. These preconditions envisioned the technological revolution and advancements in the nanotechnology devices such as Quantum well, Quantum Dot (QD) and Quantum wires. The photovoltaic technology based on materials with large cost/watts lead to third generation photovoltaics with significant lower cost and increased efficiency to the actual values. The increase in energy gaps with shrinking dimensions, strong photoluminescence, multiple exciton generations and relaxation of excited carriers realized the use of quantum dots in solar cell structures.
QDs are semiconductor nano particles, having unique properties such as narrow emission peak, broad excitation range and size dependent emission wavelength in which excitons are confined in all the three spatial dimensions. Fonseca et al. (1998) realized the confinement by fabricating the semiconductor in very small size and found QDs act like artificial atoms, showing controllable discrete energy levels. Sheng and Leburton (2002) modeled the vertically stacked and coupled InAs/GaAs Self-Assembled quantum Dots (SADs). It showed the strong hole localization and a non-parabolic dependence of the inter band transition energy on the electric field. It was reported that, the 3D strain field causes the anomalous quantum confined stark effect.
Three-dimensional spin-qubit quantum dot devices were modeled by Melnikov et al. (2005) . The electronic properties of the devices based on double and triple quantum dots were studied numerically. Battacharya et al. (2002) presented the electrical and optical characteristics of self-organized QDs grown by molecular beam epitaxy. The importance of performing self-consistent calculations of Poisson equations was discussed by Datta (2000) and the V-I characteristics of nano scale structures were determined depending on the quantum transport mechanism.
QD solar cells have the potential to improve the efficiency for solar energy conversation by utilizing the additional photocurrent generated in QDs inserted in the intrinsic region of the structure. Milicic et al. (2000) discussed the placing of QDs to provide high absorption coefficient. QD spacing and dot density play the role of additional generation or recombination centers. Aroutiounian et al. (2001) incorporated QDs with two counteracting effects of short circuit current and open circuit voltage. Al-Daby et al. (2010) developed a 3D mathematical model based on green function to evaluate the spectral response and optimization of parameters like cell thickness, grain size and boundary recombination velocity. Semichaevsky and Johnson (2013) presented the semi classical and quantum mechanical model for carrier transport in p-i-n quantum dot solar cell. The model combined the BoltzmannFokker-Planck and density formalisms. The absorption of photons with energies less than the bulk GaAs band gap and stacked layers of quantum dot layers with highin-plane densities contributed to the photocurrent. The photocurrent depended on the QD density, morphology and defect density by considering the quantum scattering. Marti et al. (2001) reviewed the design constraints of quantum dot intermediate band solar cell and reported the reduction of efficiency to 46% due to recombination in barrier region. Aly and Nasr (2014) investigated and studied the role of inter-bands between the valence and conduction bands in solar cells. The time dependent Schrodinger equation was used to determine the optimum width and location of the intermediate band. The achievement of maximum efficiency by changing the width of the quantum dots and barrier distance was studied. Nasr (2013) investigated the QD Solar Cells (QDSCs) and determined the dependence of photocurrent on its various solar parameters and the spectral response was theoretically calculated. The obtained results ensure that an enhancement of conversion efficiency upto 73% in consequence of intrinsic region in the p-n junction was equipped by QD layers. The maximum photocurrent was obtained for wavelength around 200 nm. Eshaghi Gorji et al. (2012) studied the inter band transition rate and surface recombination rate of carriers in QDs of intermediate band solar cells to optimize its photocurrent and efficiency. The calculation and formulation of these rates were done at two different recombination life times and the photocurrent and efficiency of solar cell were enhanced.
The available literatures demonstrate the potential of QD solar cell in solar energy conversion. The several methods used in literatures to model the QD solar cell did not focus on the real time solutions for numerical modeling and include quantum mechanical effects. The literatures did not look deep into the electron dynamics of semiconductor quantum dot solar cell. This lead to the realistic search and deep understanding of nanometer scale semiconductor physics in QD solar cell. The modeling methods discussed does not paid much attention in validating with experimental results and provide any alternate solutions to nonlinear problems.
Hossein Zadeh et al. (2010) have solved many integral equations using homotopy analysis. A comparison of solutions shows that the homotopy analysis was very effective and convenient for solving integral and integro-differential equations. Yildirim (2008) has calculated the exact and numerical solutions of Poisson equation for electrostatic potential problems. The exact solutions of electrostatic potential problems defined by Poisson equation were calculated using homotopy perturbation method and boundary element method. The comparisons between these two methods were presented. Fariborzi and Fallahzadeh (2012) solved the linear and nonlinear Schrodinger equations based on the Homotopy Analysis Method (HAM). The exact solution of linear or nonlinear Schrodinger equation was obtained using convergence theorems.
Keeping the above facts and consideration, the present research work is focused on numerical modeling of QD solar cell in 3D using Homotopy analysis method. The obtained device and solar parameters of the QD solar cell using the Homotopy analysis are discussed. The Homotopy analysis is found to provide efficient and self-consistent solutions for the boundary value problems and found to be accurate, fast, flexible and reliable and provides alternate solution to nonlinear problems. The results obtained show that the photocurrent is strongly influenced by the QD and solar parameters and a good agreement with the experimental results is found and it exhibits the validity of the proposed model.
METHODOLOGY
The QD solar cell consists of a multi-stacked InGaAs layers separated by wide band-gap material GaAs. The generalized structural view of the InGaAs QD solar cell is shown in Fig. 1 . When sunlight is incident on the basic structure, electron-hole pairs are generated inside the p-i-n junction region. The closely spaced QDs form the intermediate band and absorb photons of energy less than the band gap of barrier through the confined states in the dot material. Each layer has identical QDs in the active region with density ˥ and it reduces the dark current due to its large lateral size with bound states. It absorbs the photon in larger wavelength spectrum and photogenerated carriers are created, when an electron from the valence band is excited into the conduction band by absorption of photons with energy greater than the band gap. These excited carriers are at non-equilibrium state and they collide freely or return to equilibrium state by carrier recombination.
Similarly, the existence of single energy level of QD solar cell is provided by small transverse length L (2) ˢ is the applied voltage and {ˡ + 1{H is the width of the active region. Averaging in the lateral direction, the Eq. (1) becomes:
˴ = ˯H is the index of the ˫ QD layer, u = 1, 2, 3, 4…..U and ˡ is the number of QD layer, H is the length of the QD layer. Equation (3) can be rewritten as:
The surface potential of the QD using Homotopy analysis method (Madheswaran and Kavitha, 2013 ) is used for the estimation of solar cell parameters. Consider the initial condition as (x, y, 0) = 0, the Eq. (4) can be rewritten as:
where, ˞{ { : The homotopy parameter ˞{ " { : The initial guess of ˞{ { Thus as the homotopy parameter increases from 0 to 1, " varies continuously to # . Such variation is called deformation in topology. So the first order deformation equation can be written as:
Substituting the value of ˞ { " { in Eq. (5), the value of # becomes:
The second homotopy parameter ˞{ # { can be written as:
Substituting the value of # in Eq. (8), the ˞{ # { becomes:
The second order deformation equation can be written as:
Substituting the value of ˞{ # ) in Eq. (10), the value of $ becomes:
The third homotopy parameter ˞{ $ { can be written as:
Substituting the value of $ in Eq. (12), the ˞{ $ { becomes:
The third order deformation equation can be written as:
Substituting the value of R { $ ) in Eq. (14), the value of % becomes:
The total surface potential can be obtained by adding all the three deformation equations i.e.:
The value of surface potential can be reduced to:
By applying the boundary condition, the value of becomes:
The vertical coupling of QD layers reduces the inhomogeneties of QD ensemble. It increases the dark current of the device and the charge carriers can tunnel through different QD layers more easily. The value of <˚ > can be obtained from a balance relation for emission and capture of QDs. The capture probability is given as:
where, ˞ = The capture probability ˞ = The capture probability of uncharged QDs close to 1 <˚> = The maximum number of electrons that can occupy each QD ˕ = The capacitance of the QD H = The Boltzmann constant ˠ = The temperature <˚ > = The potential distribution in the QD layer as a function of average number of electrons in each QD
The rate of thermionic emission is given as :
where, ˗ is the ionization energy of ground state in QDs, ˭ is the mass of an electron and h is the plank's constant. The total equation equates the rate of electron capture and the electron emission from QDs is:
where, J : The charge of an electron ˥ : The density of the QD The energy of the proposed QD model can be given by the Schrodinger equation as:
where, ℎ is the Planks constant, ˭ is the mass of the electron, J is the electron charge, ˗ is the energy, J is the strain and is the wave function. To meet the desired boundary condition the value of becomes:
And the value of ∝ , ∝ and ∝ :
, gets the maximum value:
By applying the boundary condition, the Schrodinger equation becomes:
The energy of the QD has been obtained as:
The dark current flowing through the QD plays an important role in limiting the performance of the device. The dark current with respect to density H can be written as:
where, ˪ = The maximum current density = The surface potential ˗ = The Eigen energy:
where,
Using Eq. (29), the dark current can be estimated for various applied voltage, QD density, length of the QD layer, number of QD layer and temperature.
The schematic view of QD solar cell and energy band structure is shown in Fig. 2 The charges of different layers of the QD remains the same and hence the average number of electrons <˯ > with ˫ QD layers is given by the index u = 1, 2, 3, 4…..U, where ˡ is the number of QD layers. The photovoltaic energy conversion is characterized by the important processes like photon absorption, carrier relaxation and recombination distinguished by Shockley-Read-Hall model (Movla et al., 2010) .
The capture of an electron by QDs from adjacent barrier regions is given as:
The escape of electrons from QDs of interested layer is given as:
The recombination in QDs is given as:
The optical generation in QDs is:
where I , ˥ , J and J are the capture, escape, recombination and generation coefficients and depends on the dot filling and QD layer position within the i region. The coefficients are given by the equations:
Here ˢ and ˤ # are QD volume concentration and density of free electrons. The capture rate is also depicted by I = ˰ , is the QD electron capture cross sectional area and ˰ is the average thermal velocity of electrons at room temperature. is the optical generation life time and is the recombination life time dependence on electric field E F . J is the average of non-equilibrium population of QDs in the U th layer, J " is the equilibrium of Fermi-Dirac occupation probability and f (z, u) is the density of free electrons at the frontal surface of U th layer with position of ˴ = {˯ − 1{ˤ.
Under steady state operation, the following condition is applied:
The recombination rate ˝˖ and optical generation rate ˝˖ becomes ˝˖ =˝˖ = 0 under dark condition and hence the above equation can be changed as:
where, the equilibrium density of electrons, population probability of QDs and free density of electrons are given by the equations:
where, the coefficient I can be written:
And ˗ , ˗ , ˫ˠ, ˗ are conduction band edge, Fermi energy, thermal energy, confinement energy in the QD respectively and ˖ is the effective density state in conduction band of QDs. The population factor J can be obtained as:
The effective surface recombination rate on the plane of U th QD's layer is defined as:
The total effective surface recombination rate ˡ is the total possible recombination paths of QD solar cell in non-equilibrium state and it is the sum of effective surface recombination rate ˡ and effective interband recombination rate ˡ :
The effective surface recombination rate is defined by:
The inter-band transition is considered for the evaluation of QD carrier generation or recombination and carrier dynamics. The effective surface recombination rate u, ˡ is given as:
The total surface recombination rate ˡ can have positive or negative values. The QDs behave as recombination centers for positive values and as generation centers for negative values. Such behavior strongly depends on the movement of free electrons and proper balance should be obtained between the transition rate ˡ , ˡ . The total generated photocurrent in i-region is calculated self-consistently by taking into account the existence of QDs through the total surface recombination rates ˡ and solving the current continuity equation for inter-layer regions.
The electron current density of the QD consists of two components, namely the drift current component as main part and diffusion current component due to recombination in the inter-layer region as the negligible part are given by the relations:
where, J, , ˦{˴, ˯{ and E F are the electron charge, electron mobility of barrier region, density of free electrons in the inter-dot region and electric field respectively. Light absorption coefficient with wavelength dependency and flux of incident light { { = e 70 , where is the optical absorption cross section.
The photocurrent is calculated with free electron density n (z, 1) in the first inter dot region during the first interval 0≤z≤d for the incident light of wavelength λ and flux F (λ) via the equation:
Solving Eq. (50) with respect to ˦{˴, 1{ and defining H = 2˖ ˗ as electron diffusion length, we get:
where, ˖ is the diffusion coefficient. Constant ˓ is calculated by considering the boundary condition arising from adjoining the p-emitter to i-region:
Here, ˪ " is the electron current density at the edge of p-emitter region in the first inter dot region and consequently, for other layers it can be written as:
The total collected photocurrent at the end of U th layer from the intrinsic region, including photocurrents generated in both inter-dot regions and QD layers is formulated by the equation:
The first term is generated from QD layers under dark condition and the second term is created by the inter-dot region. The spectral response of a solar cell is defined as:
where, H { { is the photocurrent density of illuminated cell with irradiance ˗{ {.
The model of solar spectrum described by black body curve corresponding to a temperature T = 5760 K and incident solar flux on the cell surface under 1 Sun, 1.5 AM condition are considered. To obtain the efficiency of solar cell structure, the standard superposition model is considered for modeling and the efficiency depends on various parameters at maximum power point. The efficiency of illuminated solar cell is calculated using the expression: 
RESULTS AND DISCUSSION
The 3D Poisson's Eq. (1) using the boundary conditions (2) is solved numerically using Homotopy analysis to determine the surface potential for various fixed values of applied voltages and assumed electron parameters like length, number of electrons and number of layers of QD. The value of the surface potential is given to the 3D Schrodinger Eq. (23). The 3D Schrodinger equation is solved by using the boundary conditions and the exact value of eigen energy is calculated. The Integro-Derivative approach is adopted to solve the surface potential φ with the available boundary conditions. The surface potential and eigen energy are calculated numerically at consequent points and the device characteristics are estimated.
The ranges and values of the parameters used for the numerical computation of the surface potential and device energy to establish the numerical model using Homotopy analysis and its utilization in QDSC are given in Table 1 . It is found that the results achieved through the proposed model navigate the QDSC performance for a given spectrum of wavelength. Figure 3 shows the variation of surface potential of the quantum dots with applied voltage including the quantum mechanical effects. The surface potential is calculated for different voltage values. It is found that the surface potential increases linearly with respect to applied voltage and conversely the potential decreases with the increasing QD layers. For example, at V = 1.3 V, when the number of QD layers changes from U = 5 to U = 500, the surface potential gets rapidly reduced to 0.0026 V. This is due to the fact that the reduced carrier density experiences the Fermi level to bend from the energy band where the majority carriers reside and this increases the surface potential. The change in surface potential indicates the capability of minority carriers to reach the surface. Table 2 shows the variation in surface potential due to change in the number of QD layer. For example, the potential difference between the QD layers is 0.0379 V, Figure 4 shows the surface potential profile of the quantum dot including quantum mechanical effect obtained using homotopy analysis. It is found that the surface potential increases linearly with respect to applied voltage. However, the potential decreases for higher number of QD layers. The change in the surface potential is significant with the number of QDs for an applied voltage. This may be due to reduced carrier density which makes the Fermi level to bend from the electronic energy band where the majority carriers reside and this improves the surface potential. The change in surface potential indicates the ability of minority carriers to reach the surface. The surface potential decreases exponentially with the increasing of QD layers. At high L values, the larger inter gap between the QD leads to reduced coupling between the QDs and makes the surface potential independent of the length of the QD layer. Figure 5 shows the comparison of length of the QD layers with energy for a nano scale QD with N = 10 and e QD = 1.3×10 14 m -2 . The simulated result shows that the energy decreases rapidly as the length of the QD layer increases from 5 to 50 nm. It seems that the rapid decrease in energy level is due to the fact that the carrier density near the collector end decreases gradually. The change in energy is significant with the length of QDs for an applied voltage and it is due to the decrease in the average number of carriers inside the QDs. The energy experiences a gradual drop with the higher number of QD layers leading to the recombination of electrons. Hence, with the increasing QD layers, the active volume of the QD layers increases and the energy decreases.
The variation of dark current with QD density for various applied voltages, U = 10, L = 10 nm and T = 25 K is obtained and shown in Fig. 6 . It is found that the dark current decreases with increase in density and drops to minimum and maintains saturation for high quantum density values. The low energy electrons and reduced number of electrons in the QDs transits optically from the ground state to the continuum state. The low repulsive potential of the carriers in the QD causes increase in capture probability and reduces the dark current. Figure 7 to 9 shows the effective surface recombination rate ˡ , effective inter band recombination rate ˡ , effective total surface recombination rate ˡ and Fig. 10 shows the photocurrent density as a function of number of QD layers U for = 10 nsec, = 10 msec, = 1 nsec, T = 80 K, e QD = 1.3×10 14 m -2 , V = 0.7 V, L = 10 nm, λ = 500 nm. The photocurrent density increases with the increase in QD layers and QDs behave as generation centers due to the negative effective recombination rate. The photocurrent density follows the changes of surface recombination rate and it increases for U≤15 and it remains standstill for U≥15 due to the positive recombination rates. The QDs behave like recombination centers due to localized carrier concentration. It is observed that the optimal and minimal number of QD layers i.e., U = 15 layers are enough to generate maximum photocurrent for lesser recombination life time. It is also found that the generation carrier centers decrease for increased QD layers and does not contribute to conversion efficiency. The short circuit current density J sc = 51.21 mA cm 2 and open circuit voltage V oc = 0.69 V and conversion efficiency = 77.4% are obtained. The current density increases due to the enlargement of intrinsic region and bundled QD layers absorb the low energy photons.
The fill factor of 80.56 is obtained at temperature T = 80 K, spectral irradiance of 500 W/m 2 and it enhances the short circuit current J SC = 51.21 mA/cm -2 without significant loss in the open circuit voltage V oc = 0.69 V with an ideality factor n = 1. The open circuit voltage shows considerable decrease compared with other models. The increase in the photo generation level due to strong carrier confinement in the QDs and inhomogeneous broadening of the absorption spectra corresponding to different electron-hole transition levels increase the fill factor contributing to the increased efficiency η = 77.4%. The photocurrent density reaches the maximum at 500 nm and decreases at a nominal rate in the optical range. The photocurrent drops from 34 mA/cm 2 at ζog = 40 msec to 29 mA/cm 2 at ζog = 130 ms when the light intensity is λ = 500 nm due to the higher carrier concentration at high optical generation rates. Hence QDs behave as recombination centers instead of generation centers at higher ζog. Figure 12 shows the variation of photocurrent density with light intensity for different QD densities and other constant parameters = 10 nsec, = 55 msec, T = 80 K, V = 1.1 V, L = 10 nm , ˢ = 10 17 cm -3 .
It is found that the maximum photocurrent is obtained at near 450-550 nm in the close proximity of optical range. The maxima photocurrent can be shifted to the optical range by introducing the additional QD layers called luminescent concentrators. The photocurrent density is found to be maximum at low QD density values e QD = 1.1*10 14 m -2 and decreases for higher QD density values due to the increased inter-gap area and electron hole recombination. Figure 13 shows the variation of photocurrent with applied voltage for various QD densities at = 55 nsec, = 10 nsec, T = 80 K, T 1 = 5760 K, L = 10 nm, U = 15. The photocurrent increases steadily with the applied voltage for the fixed values of ζog and ζr. It is found that the photocurrent increases with low e QD values. The efficiency is around 77.4% at 14 m -2 . The small QD density influences the interaction of free holes and free electrons and makes the QD act as generation centers and increases the electron mobility. The recombination at lower density and temperature make the photocarriers to be electric field and voltage dependent resulting in high photocurrent values. Figure 14 shows the variation of the photocurrent with applied voltage for different QD layers U at = 55 nsec, = 10 nsec, e QD = 1.3×10 14 m -2 , T = 80 K, L = 10 nm. The photocurrent increases with applied voltage consistently along with the increasing QD layers. For example, the photocurrent straightly increases from 38 to 45 mA for the decrease of QD layers U = 25 to 15 when the applied voltage is 1.0 V. It was inferred that the photocurrent increases with the increase in QD layers up to U = 15 due to its behavior as generation centers and it slows down at U≥15 due to the positive value of the surface recombination rate and QD layers act as recombination centers. The photocurrent is voltage dependent and as the carrier concentration increases for increasing QD layers, surface recombination rate decreases simultaneously by reducing the generation centers. The intrinsic layer becomes thicker due to the addition of QD layers and it leads to the recombination of carriers. Hence photocurrent does not show promising increase for further QD layer additions. The variation of photocurrent with number of QD layers U using Homotopy analysis is obtained in Fig. 15 and it shows a good agreement with the experimental values (Movla et al., 2010) . The photocurrent increases with the number of QD layers incorporated and reaches its maxima with QD layers U = 15. It is inferred that the QDs in active region, especially small sized QDs near the anode and large sized QDs near the cathode, QD concentration, barrier thickness leads to the increase in the photocurrent density. It is also observed that the photocurrent obtained by the developed model is high compared with the work of Movla et al. (2010) . The developed model based on Homotopy analysis provides flexible, selfconsistent solutions to 3D Poisson and Schrodinger equations. The convergence control parameter enforcing convergence to the series solution made the model to achieve high values of photocurrent for the prescribed parameters.
CONCLUSION
The homotopy analysis approach based numerical model of QD solar cell under dark and incident solar energy conditions are presented. The semi analytical approach enhances the solution of 3D Poisson and Schrodinger equations by splitting the non-linear parameters into linear parameters. The developed model has concluded that based on the QDSC parameters and available optimum QD layers of U = 15, maximum photocurrent was obtained around 500 nm wavelength spectrum. The effective recombination rates and photocurrent shows promising results and are compared with the experimental results for validations. The photocurrent of 65 mA and conversion efficiency around 77.4% was evident without significant loss in the open circuit voltage for the incident solar energy under 1 Sun, 1.5 AM condition. It is concluded that the developed QDSC model using Homotopy analysis can be extended to practical implementations.
